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The effectiveness of polymer solutions in flow within a tube and flow around a 
plate is compared. The calculated results obtained agree well with experiment- 
al data. 

The problem of turbulent flow of a liquid over a plane plate is a quite simple one, but 
one which is very important in practice. In many cases of practical importance Reynolds 
numbers are so high that they cannot be realized in laboratory conditions, and even at moder- 
ate Reynolds numbers measurements in the boundary layer on the plate are more cumbersome 
than similar measurements undertaken for a flow within a tube. Thus, the method proposed by 
L. Prandtl and T. Von Karman, which permits calculation of the flow resistance of the plate 
from results obtained for flow in tubes, is of special interest. It is now possible to use 
this method to study the flow of weak polymer solutions along a plane plate because at the 
present time a large quantity of experimental data has been accumulated on the flow of such 
solutions in tubes. 

It follows from such experimental studies [I, 2] that the velocity profile may have one 
of the limiting forms 

q" = u . v ,  = 5 .75 ig ( y t ' ,  v) - 5 . 5 ,  

= 26 lg ( y t ' ,  v) - -  18.2 

(i) 

(2) 

or an intermediate form 

q = 5.75 Ig(gc.. v) (20 25!g%-- 18.2) (3) 

The parameter qo - (y,v,/v) is that value of the coordinate at which Eqs. (I) and (2) mesh. 

From conditions (i), (2), (3) for maximum velocity values on the tube axis the depend- 
ence of fluid friction coefficient I on Reynolds number Re can be obtained in the standard 
manner for a fixed value of the parameter qo (qo > 15, for water flow qo = 15). Data from 
such calculations (Fig. i) permit determination of the decrease in drag reduction S = (%w -- 
lp)/%w as a function of the parameter (qo -- 15), numerically determining the difference in 
velocity profiles for water and polymer solution flow in a tube (Fig. 2). 

It has been experimentally established that addition of a polymer to a water flow re- 
duces its friction drag over some limited range of variation of shear stress values on 
the wall. The initial threshold stress depends only on the form of the polymer, and the 
other limit depends on concentration and surface roughness as well. Within this range 
there is a smooth increase in the effect to a maximum value corresponding to the chosen poly- 
mer concentration, after which the effect is maintained and then decreases smoothly [3]. For 
this portion of the range of theshear stress values on the wall, where the drag reduc- 
tion remains constant for the chosen polymer concentration, there is good agreement between 
calculated data and experimental data of various authors on the dependence of the stress re- 
duction on polymer concentration [S = f(c), Fig. 2]. In such a comparison each polymer is 
characterized by some constant k, g/m s, which relates the concentration c to the parameter 
(no -- 15) in a linear manner: 

c = k(%-- 15). 
(4) 
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Fig. i. Friction coefficient A versus Reynolds num- 
ber Re = vd/v and parameter qo of velocity profile for 
flow of polymer solutions within a tube: I) X - 64/Re 
(laminar flow of water); II) i//~ - 2 log Re/~- 0.8 
(turbulent flow of water); III) i/~r~ = 9.2 log Re /~-- 
19.6 (limiting case of polymer solution flow): i) no = 
15; 2) 17; 3) 20; 4) 30; 5) 40; 6) 60; 7) 80; 8) i00; 
9) 150; i0) 200; ii) 300; 12) 400; 13) 600; 14) 800; 
15) i000; 16) 2000. 
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Fig. 2. Drag reduction S, %, versus form of velocity "pro- 
file and concentration of polymer solution (experiment within 
tube) (q6 -- 15) = c/k: i) polyox, k - 0.40 g/m s [1]; 2) 
same polymer, 0.05 g/m s [4]; 3) same, 0.13 g/m s [3]; 4) poly- 
acrylamide, k - 0.50 g/m" [4]; 5) KMTs-7HSCP, k- 25 g/m s [7]; 
6) guara resin, k - 12.6 g/m s [4]; 7) same polymer, 12.6 g/m ~ 
[6]. I) tube, Re- 105; II, III, IV) plate, Re- 107 , 10", 10"~ 
respectively. Solld lines, calculation. 

The coefficient k characterizes the effectiveness of the polymer and can serve as the 
parameter determining the ability of the given polymer to decrease friction drag in 
aqueous solution: for polyox WSR-301 k - (0.05-0.40) g/m s (depending on the term for which 
it is preserved), for polyacrylamide k - 0.5 g/m s , for guara resin k = 12.6 g/m s , and for 
KMTs-7HSCP k = 25 g/m 3. 

On the basis of these principles of polymer flow in tubes considered above, the basic 
principles of flow of such solutions on a plate can be derived if the following assumptions 
are made, as was done by Prandtl: the boundary layer on the plate is turbulent, beginning 
at the forward edge; the maximum flow velocity on the tube axis corresponds to the velocity 
of the flow incident on the plate at infinity; and, the velocity distribution in the boundary 
layer on the plate is the same as in the tube. 

Since the universal logarithmic law of velocity distribution for flow in a tube permits 
extrapolation to arbitrarily large Reynolds numbers, it can be expected that the resistance 
law for the plate which is to be derived will also admit extrapolation to arbitrarily large 
Reynolds numbers. 



For velocity distributions in t h e  most general form 

= ~(~);  ~ = u / v , ;  ~N = U . I v , ;  I1 =-yv,.,'v; 

w i t h  u s e  o f  t h e  momentum t h e o r e m  

n ~-- av,./v, (5) 

6 

(6 )  

the following relationships are valid [8]: Reynolds number 

U |  = Re = �9 (q~) = ~ p2dq dqN,  

0 

11~ = 6v, /v[  = c ; 

(7) 

total friction coefficient 

c~ = 2,F (nJ/Q (n.), (8) 
w h e r e  

~g (n,,)  = l 
k nN 

~N an N 
0 0 

dq; (9) 

local friction coefficient 

c; = 2 /%.  

For a universal logarithmic velocity distribution 

~ = A l g ~ q - D  

(10) 

( l l )  

o r  

(p = a In (1 + b~l), ( 12 )  

where 
A = 2 . 3 0 5 a ,  D = a l n b ,  (13) 

and upon introduction of the new variable 

z = 1 + bq (14) 

t h e  f u n c t i o n s  # ( n )  and  T ( q )  h a v e  t h e  f o r m  [8]  

QZ 
q> (11) = ~ (z In 2 z - -  4z In z - -  21n z - -  6z - -  6), 

a ( 2 ( z - - l )  ) 
W ( q ) =  ~ -  z - i - I  Inz  " 

(15) 

In flow of a polymer solution on a plate in the turbulent boundary layer the velocity 
profile, as shown by experiments in tubes [2, 3], can also have one of the limiting forms of 
Eq. (I) or Eq. (2)~ or the intermediate form of Eq. (3). 

The velocity profile corresponding to flow of water over the plate is determined by the 
functions 

= 5.851gq -= 5,56 (16) 
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Fig. 3. Total friction coefficient of plate cf versus 
Re - U~L/~ (a) and cf' versus Re x = U~x/v (b) and param- 
eter no of the velocity profile for flow of a polymer 
solution on plate: i) qo " 15; 2) 17; 3) 20; 4) 40; 5) 
80; 6) 200; 7) 400; 8) 800; 9) i000; i0) 2000; ii) 4000. 
I) Water; II) limiting case of flow over plate. 

or 

4~ == 2.545 In (1 8.93~). (17) 

At sufficiently high polymer concentrations in the plate boundary layer the velocity 
profile saturates: 

ff = 2 6 1 n q  .... 18.2 ( 1 8 )  

o r  

(f = 11.2 In(1 -l-0,2q). (19) 

For the intermediate case where the polymer concentration in the flow is less than in 
the case of the saturation effect, the velocity profile is also logarithmic in form, Eq. (12), 
but w~th different values of the coefficients a and b in various ranges of the coordinate ~; 

O < l l ~ q o  a ~= 11.2, b = 0 . 2 ,  ( 2 0 )  

1! o : ~ l l ~ l h ~  a = 2 . 5 4 5 ,  b - - b , - - -  variable, 

The parameter b, is determined by the condition that Eq. (12) be satisfied by condition 
(20) at the breakpoint of the velocity profile at coordinate qo; 

5.85 = 2.305a, 20,25 I~ Go - - 1 8 . 2  .... a In b,.  ( 2 1 )  

To determine the dependence of the fluid friction coefficients cf and cfl on Reynolds num- 
ber Re for the limiting cases of flow in the boundary layer, where the velocity profiles cor- 
respond to a water flow (a - 2.545, b = 8.93), or to the limiting case of friction reduction 
in the boundary layer (= = Ii.2, b = 0.2), Eq. (15) is used in unchanged form with the cor- 



responding values of the coefficients a and b. In case (20) the functions ~(z) and #(z) are 
determined by the same Eq. (15), but with consideration of the change in coefficients a and 
b in the different sections of the logarithmizatlon. 

The equations presented above, Eqs. (5)-(20), allow graphic presentation (Fig. 3a,b) of 
the dependence of complete and local friction coefficients on Reynolds number and the param- 
eter no of the velocity profile on the back edge of the plate (when calculating the total 
friction coefficient) or at the current x coordinate (when calculating the local friction 
coefficient). The frictional-drag data are presented in more convenient form in Fig. 2, as 
a function of the degree of change in velocity profile (qo -- 15). It is evident from the 
figure that with increase in Re the character of this dependence does not change, the entire 
curve shifting somewhat in the direction of larger Reynolds numbers and reaching the large 
value of limiting resistance reduction, which is a consequence of the assumption of the exist- 
ence of a limiting form for the velocity profile. 

In cases of practical importance the conditions for flow over a plane plate are such 
that the shear stress values on the wall T > 300 dyn/cm 2, which corresponds to the satura- 
tion regime of the drag-reduction effect at the chosen polymer concentration value. Un- 
der these conditions the profile parameter qo = const is realized with flow over the plate 
of a homogeneous polymer solution of concentration c - k(no -- 15) = const, where the polymer 
effectiveness coefficient k is determined by results of experiments in tubes. 

For a single polymer the data of Fig. 2 permit comparison of the effectiveness of homo- 
geneous polymer solutions of differing concentrations for flow in a tube or flow over a plate. 
the character of this dependence for the two types of flow is identical, but in flow on a 
plate the reduction in total fluid friction is 10-15% less than for flow in a tube. With in- 
crease in Re the entire curve shifts somewhat toward higher Reynolds numbers and ensures a 
high value of maximum drag reduction. 

The same data of Fig. 2 for different polymers permit quantitative comparison of the 
effectiveness of polymer solutions of various concentrations. 

The proposed method for calculating frictional drag of a plate in a homogeneous polymer 
solution in contrast to other known methods for this calculation [9,10], produces a simple 
graphic dependence between effectiveness and the concentration of a polymer of any type, for 
which the effectiveness coefficient k is known. 

NOTATION 

L, plate length; B, width; ~, boundary layer thickness; y, distance from wall; x, dist- 
ance from forward edge of plate; U~, velocity of incident flow at infinity; u, flow velocity 
in boundary layer at distance y from wall; v, - T/~o/O, dynamic velocity; To, shear stress on 
wall; O, density of water; v, kinematic viscosity; q = yv,/v, dimensionless value of dist- 
ance from plate wall; qo, velocity profile parameter with polymer present in flow; qk = 
~v,/v at x - L, boundary layer thickness at back edge of plate in dimensionless form; ~ - 
u/v,, dimensionless velocity in plate boundary layer at distance y; c, weight concentration 
of polymer in boundary layer; A, fluid friction coefficient in tube; cf, total friction 
coefficient on plate; cf', local friction coefficient on plate; S = (X w- Xp)/lw, S = 
(cf, w _ Cf,p)/Cf, w at Re = const, drag-reduction for flow in tube or flow over plate, respec- 

tively. Indices w and p indicate water and polymer solutions, N indicates numerically deter- 

mined variables. 
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